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INTRODUCTION

The purpose of this report is to examine in some detail the
existing methods and theories for calculating heat transfer in separated
flow over a back step (modifying them if possible to give better results),
and to compare these results with measured values. To do this, several
theories were examined, modified, discussed, and compared with experi-
mental data until the best correlation with experimental results was found.
The heat transfer theories under consideration were those of Korst3, Page
and Dixon2, and Chapman15. Appropriate experimental data was extremely
difficult to find, so that the comparison of analytic values with experi-
mental is not extensive. However, several sources were found (Refer-
ences 6, 7, 8, and 9), and these were used as the basis for judging the

accuracy of the theoretical models.




DISCUSSION OF THEORETICAL MODEL

GENERAL DESCRIPTION OF THE FLOW MODEL

Korst's basic turbulent flow analysis can be applied to the problem
of calculating the heat transfer to the base of a backward facing step or the
base of a wedge or cylinder. Since the basic equations and assumptions of
Korst's theory are given in detail in several other references (References 3,
5, and 10) only a brief review of his flow field analysis will be presented

here.

The basic flow model is shown in Figure 1. The flow is divided
into three sections: (a) a frictionless free stream, (b) a dissipative layer,
and (c) a base region formed by the separation of the boundary layer due to
a sudden recession of the guiding wall. Since this is a case of super-
sonic flow a Prandtl-Meyer expansion occurs in the free stream from 1 to
2. In region 2, constant pressure across the jet mixing region is assumed.
At the end of the free jet, wall reattachment (symmetrical impingement
with another stream) and recompression takes place. The flow is assumed
to undergo an oblique shock from 3 to 4. The pressure in region 4 is im-

pressed upon the viscous layer by the adjacent free stream.

The "'j" streamline divides the amount of mass passing over the
corner at 1 from that mass flow entrained by the viscous action of the free
jet. The "d'" streamline is called the discriminating streamline, and it is
the streamline which has just sufficient kinetic energy at 3 to penetrate the
pressure rise to 4. Streamlines above this one have higher kinetic energies
and enter the recompression zone 4 with a finite velocity. Streamlines
below have lower kinetic energies and are unable to penetrate the oblique
shock separating 3 from 4. These streamlines are turned back to circu-
late in the base region. If there is no secondary flow, the conservation of

mass in the base region requires that the j and d streamlines be identical.
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JET MIXING ANALYSIS

For the general case of two-dimensional jet mixing at constant
pressure, two coordinate systems are utilized (see Figure 2). The jet
boundary of the ""corresponding inviscid jet' (same terminology as used
in References 3, 4, 5, and 10) forms the coordinate system (X, Y). A
second set of coordinates (x, y) called "intrinsic coordinates' are defined
for the viscous jet mixing region. The x axis is aligned with the center of

the mixing region so that y = 0 at u =% uz3. Consequently,

X =x
Y =y - ypu(x) with y (0)=0

The coordinate shift y,,(x) can be determined by writing the momentum

equation in the direction of the stream.

By making suitable assumptions (see Reference 3) the equation of
motion for a plane-flow, constant-pressure mixing region can be linearized
and expressed in the intrinsic coordinate system as

du_ e
0x W gy?

(1)

where ¢ is the apparent kinematic viscosity. By introducing the dimension-

less variables

- v - = -1
¢_uza’ qj_éz’ g_552

where &, is the thickness of the mixing region at section 2, the equation

of motion becomes

@ e % (2)
oy ua bz zr?z

If we assume that ¢ is proportioned to ua x (Reference 13), we can write

€=C'uZaX:C'u2an62. (3)
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a. Inviscid Jet

Figure 2.

NGO AN

b. Viscous Jet

Corresponding Inviscid and Viscous Jets (s is a Streamline
QOutside the Viscous Mixing Region)
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Equation 2 now becomes

% A}
alpcwg. (4)

A new variable § is defined by
d
t - __Fa
C'y= au

and

= §(¢)-c'§¢d¢ Sc g

—~
Jt
~—

Equation 4 can now be simplified to

) 02
. ©

By using the appropriate boundary and initial conditions (Reference 3)

Equation 6 can be integrated to yield the velocity profile solution

il
[1+ erf(n- "lp)] "N/I—:Sy {:Cbz <n—1;f'):{ e~ B
n- .

p

<
va—-'

where Np = and n = ¢ "p -

2 Ng
For positions far downstream of the separation corner or for very

thin oncoming boundary layers

X .
— 2o, i.e., Y-,

6.

This results in § @ and - 0. Since n ={ n, is now undetermined, it
"p P

must be rewritten in the following way:

1 _ 1 3 1 v . y
8 ¢ 1 =0
2(6)7  (2Ch)E  (2c)E X X

n=%mp =

)



where

1

T = >
(2c')z

o is called the jet-spreading parameter and is determined experimentally.

Several experimentally determined functions for ¢ are in general use today.

The two values most used are:

c=12+ 2.758 M,y (References 2 and 5) (7)
and
¢ = 47.1 C3a for Cia > 0.23 (8)
, (References 11 and 12)
o =11 for Czy < 0.23 (9)

Since these equations are empirical they should be used with care. The

velocity profile solution now becomes

¢ == (1+erfn) . (10)

1
2
Although this profile is for fully developed flow only, it gives reasonable
results for most practical cases. Almost all the theoretical work done in
this area has used this simplification. Consequently this report will be
restricted to the case where Equation 7 adequately represents the mixing

profile,

TEMPERATURE PROFILE

For an apparent turbulent Prandtl Number of 1 the velocity profile
can be related to the temperature profile by Crocco's relation. From
Reference 3 the following quantity is obtained:

Az —o _TB (1 - Tl;ba)q) (11)

where Ty is the stagnation temperature of the base region and Tpy is the

stagnation temperature of the inviscid free stream. By writing the energy



- -

equation in terms of the Crocco Number C, where C is defined as

ct = Ho-H _ u® _ M?
Ho 2CpTg, _2_ M2 ’
k-1

and since p/p,; = T,a/T for a constant pressure mixing process, the

energy equation can now be written as

2
p _Ta 1 -Caa

Prm T A-Clo?

Yy COORDINATE SHIFT

The coordinate shift, y,,, can be determined by writing a

(12)

momentum balance below the s streamline between the corner and another

downstream section.

+Y

s
2
P,y U2a Yg = S pu2 dyY
-
and in dimensionless coordinates,
2 s q>2
Ny = N -(I‘Cza)‘g‘ = dn
m S A- C%a ¢Z
-0
and
- g
nm - Ym x

The s streamline has been taken to be in the inviscid portion of the flow

field «o that ny, is large enough for ¢4 - 1.

JET ROUNDARY STREAMLINE

A jet boundary streamline, j, can now be found which separates

the mass originally flowing at the separation corner from that entrained

from the dead air region. Writing the continuity equation between the




corner and a downstream location for mass between streamlines s and j

results in

pza Uz YS 35‘ pudY . (14)

Transforming coordinate systems and using Equations 9 and 10,

nS ns 2
( b S‘ )
— 2 gn= | — an . (15)
J Aa-ch ¢ J A-Ch ¢
T]J -

n; can be found for a given T, /Ty, and Csa, and from earlier definitions,

remembering that

1
¢j =3 (1+ erfnj)

MASS FLOW RATE

The mass flowing per unit width between the j streamline and any

other streamline d is given by

Yd
Gd=Spudy . (16)
Yj
Trausiviining coordinate cyctems and uging Fanations 9 and 10,
d
Gi - = S —j)z——; dq . (17)
x (1 - Cza) p,ya v2a n A-Cz ¢

When the d streamline is the reattaching streamline, Gg is the mass
added to the dead air region. The integrals in Equations 13 and 14 are

of two types:



RS S (O S (U S
A Ciy¢f A - C3a ¢2 A- cl et
. -0 -0
'J
T T
2 o) 2 b
=1, (T]d: Cza_, ‘T—oa') - 11 (‘l’]j, Cza, ‘T—o—a>
and
Ng ,
¢ 2 Ty
dn=1 (C , , —)
5 AL Cga ¢2 2 2a Ns Toa
-0
where
n
$
I = S n
A - Cla ¢?
-
and

i 2
_ ¢
IZ = S A Cza ¢Z dT‘
=

Fauations 15 and 17 can be expressed as
T T - T
118 T 43 T 428

Gqo

=Iig - Iy
2
X Pza 4za (1 - Cza) J

where the subscript indicates the upper limit of the integral.

(18)

(19)

-~
v
[¢o]

(21)

have been calculated on a digital computer for the isoenergetic case (A =1)

and are available in Reference 14. For changing values of T,/ Tg,, these

integrals are given graphically in Reference 4.
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ENERGY TRANSFER

Energy is transferred across the j streamline in the mixing region
from the free stream to the dead air region by shear work, heat conduction,
and heat convection. Mass flowing between streamlines j and d can also
carry energy into the dead air region. The total amount of energy per unit
width crossing section x = 0 is

<

SP“CP Toa dy
0

and the total amount of energy per unit width crossing section x = x is

(v o]
S.puCp Tg dy

Yj

Therefore, the net rate of energy transferred per unit width by shear work
and heat transfer across the j streamline between x = 0 and x = x is the

difference between the two previous equations or

[e o]
gpuCp (Toa - To) dy =9

Yj

Ry uging nreviensly defined and/or derived expressions, 2. can be re-
written in the following way: multiply by 6,/6; and change the variable of

integration, remembering that { = y/§;

(2]
02
(—f)_z)pu (Toa = To) dy = 62 CpS’(TOa - Ty) pudt ;
%

Uza
multiply by (BR (—-—-) and again change the variable of integration,

ﬂp Uz2a
u
remembering that n = Tp and ¢ = .
2a

11



T T T
I Y e e " '

© o]
Q 2 cp ((Toy - Ty p 222 d % ¢ {(r T d
3 = - = - u = =
S P} {loa ol P L Y n P Uza ‘) oa olp¢ dn
&; Mj
S T
Paa\ &2 o
QC = (— — Cp u;a Toa§<1 "T_)P¢ dn
Pa’ Mp oa
M
To .. P Tz
—— = A and for constant pressure mixing, —— = —/—
oa P2a T
© 20}
62 * p 62 T2a
00 == CpuaToapyy \(1-A)—é¢dn=— CpuzaToapza (1-4) pod‘n
p _ Pza p .
nj j
2
Tza 1- Cza

T = e Cﬁa > (Reference 3) and as defined earlier, n==¢ Mp and { = 6—Y'

~ (1- A) (1-CLy)
(A - C3 ¢%)

- y
$ie = Z -El- Cp uza Ty, Paa

[e0]
_XC a T (I-CZ)S‘LA—)L
n PR toa Pa ) Ao che?
M

Q
1-A
E = -(__—E)den andn=0'*z
A-Czad x
1]
and finally,

12



E can also be written as

E=(I-13_ - (- I3)T]j (23)

or by using Equation 12,

T
b
E = 13' - Il'
J Toa J
where
T n
/ 2 b Ad
Is=13 {n, Cza, )ES‘—__ dn . (24)
( 2a Toa _mA _ Cga ¢2

E and I3 are graphically represented in Reference 4.

The rate of energy per unit width carried into the base region by

mass flowing between the j and d streamlines is
Yd

29 = S‘ puCpTgy dy
Yj

By the same procedure as before Q4 can be put into the following form:
X 2
Qd = B—. pza U2y CP Toa (1 - CZa,) (I3d - I3J) . (25)

The total rate of energy added per unit width to the enclosed base

region from the outside fiow is

T
X 2 b
=0, + 29 = T Paa Uz Cp Ty, (1-C%) (I3J' - Tos Ilj)

X 2
+ ; pza_ U2y Cp Toa (1 = Cza) (I3d = 13)

T
2 b 1
Q =§ Paa W Cp Ty, (1 - C33) [Iﬁ - Il'_é (26)

Toa

13



For the case considered, i.e., flow over a back step, there is
no secondary flow. Consequently, the j and d streamlines are identical,
Gq = 0, and the rate of energy carried into the base region by mass flowing
between the j and d streamlines is 0. The rate of energy added per unit

width to the base region now becomes only . or
X 2
QC =Q = ; pZa Uzg Cp Toa (1 - Cza) E . (22)

This is Korst's basic method for calculating heat transfer to the base
region. It does not attempt to account for the resistance of the recir-

culating flow.

REFLECTED IMAGE APPROXIMATION

In order to calculate the heat transfer to the base of the step, the
relationship between bulk temperature, T}, and wall temperature, T,
must be known. At the present time an exact expression for this relation
is not available. However, reasonable results have been obtained by
utilizing a reflected image approximationl: 2. This method treats the
reversed flow as a reflected image of the free turbulent jet (Figure 3).

By using this approximation the normal boundary condition of zero velocity
at the wall is violated, but the added mathematical complexity involved in
using this boundary condition would prohibit a closed solution to the prob-
lem. The mass flow through the reflected image equals the actual reversed

mass flow. Therefore,

T T
A =-T—b- . (27)
Ty 0j
Also,
Tw Tp Tw Tp Tp Ty Tp Toa (28)
Toa Toa Tp Toa Toj Toa Toa To_j

14
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and from Equation 11,

T,; T T
=2 b+<1- b)q,.
To./ i

Substituting this equation into Equation 19 yields

(Tb)z Tp ¥
| ~oa = ~o : (29)
Ton, T T T
Bt =20 == (1-¢) &
Toa Toa Toa

HEAT TRANSFER CALCULATION

In calculating the heat transfer to the base of the step, two
resistances (see Figure 3) must be recognized; that of the free jet mixing
region and the recirculating flow. The flow which actually comes into
contact with the base wall is the recirculating flow, but it is in contact
for only a short portion of its total path. The total flow path of the re-
circulated flow includes its reversal at the point of recompression, its

flow back along the axis of symmetry, and its flow along the base wall.

The bulk temperature between the centerline and the free stream
is assumed to be that of the free stream, and the bulk temperature
between the wall and the free stream is calculated by the reflected image

approximation. The average bulk temperature that is used in making the

hen

-+
(5 d

ranegfer calenlations is found by averaging the two previous values

with respect to their path lengths using the following relationships:

a(zz)  +» (72)

( Ty ) _ Toa refl oa (30)
Toa cal A+ B
where
h
A= > (31)

16



h/2
B+ A=
sin 6 (32)

and 6 is the streamline angle. From Equations 30, 31, and 32,

T
(Tb) -1+sin6

Tb 0a ‘cal
(‘———T ) = T . (33)
oa’'refl sin

Equation 29 can now be written as

Ty )2
Tw - Toa 'refl (34)
T T )
et (r)

oa’refl

Since we are concerned about steady state heat transfer, the heat
transfer rate to the wall must equal the heat transfer rate through the
mixing region. The heat transfer rate across the mixing region has al-
ready been calculated by Korst's energy integral method and is given by
Equation 22. Reference 4 provides graphs and tables necessary for
evaluating Equation 22. Therefore, there is now a way to calculate the
heat transfer to the base of a step given various combinations of the

parameters of the flow field.

17




COMPARISON OF CALCULATED VALUES
WITH MEASURED VALUES

Experimental results for the physical model described by this
6

analysis were found in reports by the Royal Aircraft Establishment”,

the University of Minnesotal

, and the General Applied Science Labo-
ratories, Inc. 8, 9. These results were compared with calculated values
which were obtained by using both the Korst method and the technique
suggested by Page and Dixon. The analysis by Chapman was developed
primarily for laminar flow, and since this report is concerned with turbulent
jet mixing the Chapman analysis could not be used. In all cases the Korst
method was found to give values that were substantially larger than the
measured values, and for this reason, these results are not discussed
further. The technique developed by Page and Dixon was found to give
more reasonable results when compared to experimental data and con-
sequently this is the technique described and used in this report. (The
method suggested by Page and Dixon is basically Korst's method, except
that it includes a technique that attempts to account for the resistance of
the recirculating flow.) Also, better results were obtained when the jet
spreading parameter (o) suggested by References 11 and 12, and given by
Equation 8, was used instead of Equation 7 originally suggested by Korst

and used by Page and Dixon.

The data from the Royal Aircraft Establishment is shown in
Figurc 4. The actual flow model used in these tests was a wedge (15°
semi-apex angle), so the free stream Mach number of M, = 2.9 is that
of the stream after accounting for the oblique shock and Prandtl Meyer
expansion caused by the wedge angle. Both methods (Equations 7 and 8)
for calculating the jet mixing coefficient (o) were used and the results
indicate (as mentioned earlier) that Equation 8 will give results closer

to experimental values.

18
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Figure 5 presents data from the University of Minnesota. The
calculated values are in all cases larger than those measured, but both
show the same trend. As before, the jet mixing coefficient calculated by
Equation 8 will give results closer to experimental values than those cal-

culated by Equation 7.

The results from the GASL data are presented in Figure 6. How-
ever, the stagnation pressure (Pg,) of this data was not the same for all
values of T, /T,,. This variation in Py, makes the data difficult to com-
pare, since the heat transfer rate is a function of P,;. Also, since the
model GASL used in obtaining their results was a cylinder 3. 6 inches in
diameter, the flow field is axisymmetric and not a plane two-dimensional
flow. However, even with these problems the calculated values show the
same trend as the measured and give an order of magnitude estimate of

the heat transfer.

20
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CONCLUSIONS

The heat transfer method suggested by Page and Dixon and
modified by using the jet spreading parameter given by Equation 8
instead of Equation 7 will give better values for the base or back step
heat transfer rate in separated, supersonic flow than any other method
investigated. In every instance where measured data was compared
with calculated values, the theory predicted values greater than meas-
ured values. Since this technique is relatively simple and straight-
forward it can be useful for providing good estimates. However, due
to the oversimplification of the flow field and a basic lack of under-
standing of the physical phenomenon involved, this theory will not
provide accuracy any better than about 50%. The error should always

be conservative.
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